Recently, the nodal line semimetals have attracted considerable interests in condensed matter physics. We show that their distinct band structure can be detected by measuring the collective modes. In particular, we find that the dependence of the plasmon frequency ω p on the electron density n follows a ω p ∼ n 1/4 law in the long wavelength limit. Our results will be useful in the ongoing search for new candidates of nodal line semimetals.
I. INTRODUCTION
During the last decade topological insulators have generated intense interests in condensed matter physics [1] [2] [3] . These novel classes of material have insulating bulk but robustly metallic surface. This peculiar feature has its origin in the topological nontriviality of the band structures, described in terms of topological invariants [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Since the bulk samples of topological insulators are quite inert, all the highly interesting phenomena are produced by the topological surface states.
More recently, the topological properties of several classes of semimetals are recognized and discovered experimentally, among which are the topological Dirac semimetals [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and Weyl semimetals [25] [26] [27] [28] [29] . In the Weyl semimetals, there exist topologically protected band touching points, termed as the Weyl points, which serve as magnetic monopoles of the Berry gauge field in the reciprocal space. They exhibit novel transport and optical phenomena induced by chiral anomaly [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . The locations of Weyl points are tunable by the environmental conditions such as pressure and magnetic field, but it is impossible to eliminate a single Weyl point without breaking the translational symmetry of the crystals 33, 34, [42] [43] [44] [45] . The real materials of Weyl semimetal have been discovered very recently [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] (Meanwhile, the photonic analog of Weyl semimetals has also been discovered [56] [57] [58] ). Another class of topological semimetal in three spatial dimensions is the topological nodal line semimetal [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] , which features a line of band-touching points in the band structure. Unlike the Weyl points in Weyl semimetals, certain symmetries are required to ensure the stability of the gapless nodal lines 68, 74 in semimetals. Partially gapping out the nodal lines can leave certain isolated points gapless, realizing the Weyl semimetal 46 . In this sense, the nodal line semimetals can be regarded as intermediate systems bridging the conventional metals and Weyl semimetals. Meanwhile, the nodal line phases have also been proposed in the photonic crystals 57, 58 , which pave the way for the construction of photonic Weyl crystals. Several materials, including Cu 3 PdN 67, 68 and Ca 3 P 2 70 , have emerged as candidates of the nodal line semimetals.
Considering the unique band structures of the nodal line semimetals, which are significantly different from both the ordinary metals with large Fermi surfaces and Weyl semimetals with nodal points, it is natural to study the behavior of col-
An illustration of the Fermi surfaces of a nodal line semimetal, for nonzero Fermi energy E F . lective modes, including the plasmon. In the case of threedimensional Dirac and Weyl semimetals, the plasmon frequency in the long-wavelength limit follows the ω p ∼ n 1/3 law 76 , where ω p is the plasmon frequency, and n is the electron density, which is distinct from the usual ω p ∼ n 1/2 behavior of an ordinary electron liquids. In this paper we study the plasmon in the nodal line semimetals, and find a ω p ∼ n 1/4 law for the plasmon frequency in the regime that the interband contribution can be neglected. In the regime of very small doping, for which the interband contribution is important, the dispersion crossovers to a ω p ∼ n 1/2 law. The novel features of the collective modes are useful in establishing new candidates for the nodal line semimetals.
The rest of this paper is organized as follows. In Sec.II we present our results of the polarizablity. Based on these results we study the behavior of the plasmon in Sec.III, obtaining the dependence of plasmon frequency on the electron density. and the inverse of energy, respectively. A sketch of the Fermi surface at nonzero chemical potential is shown in Fig.1 . This Hamiltonian can be diagonalized by a simple transformation:
with E k = (Bk 2 ⊥ − m) 2 + k 2 z and α = +, −. In the imaginary frequency, the lowest-order polarizability is given as
where v is the volume of the system, andρ(q, τ) = kσĉ † k+qσ (τ)ĉ kσ (τ). Standard calculations lead to the polarizability at finite temperature (k B T ≡ 1/β):
where δθ kq = θ k+q − θ k , and f (E) = 1/(1 + e β(E−µ) ) is the Fermi-Dirac distribution function with µ the chemical potential; α, α ′ take the two value +, −. A small imaginary part iη is introduced to account for the decay of quasi-electrons. At zero temperature, the chemical potential µ is equivalent to the Fermi energy E F . In the following, we shall focus on the cases of E F > 0, while the cases of E F < 0 are essentially equivalent. The plasmon frequency is determined by
indicating the presence of self-sustaining collective modes. In this work we shall be most interested in the long wave-length limit q → 0. There are four contributions to P(q, ω), corresponding to α, α ′ = +, − in Eq.5. In the zero-temperature limit, only three of them are nonzero, which are the intraband part P ++ (q, ω) and the two interband parts P +− (q, ω) and P −+ (q, ω). In the regime max{2 1 + m E F q x,y , q z } < ω < 2E F , we can see that ImP(q, ω) = 0, thus we only need to calculate the real part of P(q, ω). For the ++ part P ++ (q, ω) we have
When E F < m, we obtain that (see the appendix)
and
where we have defined the dimensionless quantitiesm ≡ m/E F , andB ≡ BE F . On the other hand, when E F > m we find that
where g 1,2,3 are three dimensionless functions:
Another contribution to the polarizability, P +− , is given by (13) where [k] denotes the summation (or integral) over k with the variable restricted to the region E k > E F . Similarly, the last contribution to the polarizability is
In the q → 0 limit, (1−cos 2δθ kq ) can be safely expanded as
, where φ is the angle between the projection of k and q to the k x -k y plane, thus we have
The small imaginary part η is relevant only for P −+ , because there exists a resonance at ω = 2E k in P −+ , therefore, we omit iη in ReP ++ and ReP +− . In addition, we notice that there exists a logarithmic divergence in both ReP +− and ReP −+ , which is due to the presence of the infinite Dirac sea, an artifact of the continuous model, therefore, we introduce a cutoff as follows:
For the simplicity of notations, we also introduce dimensionless quantities
In the regime E F < m, ReP +− can be simplified to
with
whereẼ k = √x 2 +z 2 (Since the integral is convergent, we have put the upper-limit of integration to infinity), and
Similarly, we also find that
To suppress the formalism, let us define
Now we can made an expansion inω and obtain the following analytic results:
where
− arc sinh 1 = −0.98, and f (Λ) = arc sinhΛ −Λ √ 1+Λ 2 . We remark that f (Λ) is a monotonically increasing function, and f (Λ) ∼ logΛ wheñ Λ is large 79 . Now that the polarizability P(q, ω) have both the intraband part and the interband part, we would like to quantify their ratio by
As long as Γ z and Γ ⊥ >> 1, the intraband contribution P ++ dominates. As shown in Fig.(2) , whenω << 2, both Γ z and Γ ⊥ >> 1, which indicates that the intraband process dominates the polarizability. On the other hand, ifω → 2, then the interband contribution is comparable to the intraband process.
It is interesting to note that the value ofm have opposite effect in the z-direction and the in-plane directions. As we increasẽ m, the region ofω for which Γ z < 1 expands, while the region for which Γ ⊥ < 1 shrinks. Because the interband contributions has opposite sign to the intraband contribution, i.e. they are negative, Γ z < 1 or Γ ⊥ < 1 indicates the absence of plasmonic modes in the respective directions (see the next section).
III. PLASMON FREQUENCY
Based on the results above, the total polarization function P(q → 0, ω) in the region 0 <ω < 2 is given as
Inserting this equation into the RPA equation, Eq.(6), with v(q) = 4πe 2 κq 2 , we obtain the plasmon frequency
Defining the fine structure constant α s = e 2 /κ, we have ω p,⊥ = fact a self-consistent equation because Γ ⊥ and Γ z themselves are functions of ω and E F . More explicitly, and in terms of the dimensionless quantities,
We shall focus on the E F < m regime, which is the most interesting regime, since we are most concerned with the physics dominated by the nodal line (When E F > m, the topology of the Fermi surface is no longer a torus). When E F < m, the electron density can be obtained as
therefore, we obtain
The dependence of ω p,⊥ and ω p,z for two sets of parameters are shown in Fig.3 . It is readily seen that
If the contribution from interband process can be neglected, i.e., Γ −1 ⊥(z) is taken as zero, then it is found that
The ω p ∼ n 1/4 law of plasmon frequency is among the central results of this paper. As shown in Fig.3 and Fig.4 , the selfconsistently determined plasmon frequency agrees with the ω p ∼ n 1/4 law as long as the doping level is not very low. It is well known that the plasmon frequency follows the n 1/2 law in an ordinary electron liquid, and it has also been found that the plasmon frequency of a massless Dirac electron liquid follows the n 1/3 law 76 . In contrast to these materials, we find a ω p ∼ n 1/4 law for the plasmon in the nodal line semimetals. In very low doping regime, i.e., n, or say E F , is quite small, from Fig.3(b)(d) we can already see that the interband effect becomes important, consequently, the power-law relation will deviate from the ω p ∼ n 1/4 law which holds in most doping regime. To see this more explicitly, we consider the very low doping regime wherem >> 1,B << 1 and derive the analytic expressions of the plasmon frequencies. Asm >> 1,B << 1, from Eq.(30), it is readily seen that the condition for existence of self-consistent solution in the regime 0 <ω < 2 puts the following constraints on Γ p,⊥ and Γ p,z :
In the very low doping regime, the two constraints indicates that both Γ p,⊥ and Γ p,z goes to 1. With the assumption that Λ/m is fixed andm >> 1/B, a combination of Eq. (9), Eq(10), Eq. (24), Eq. (25) and Eq. (28) gives the self-consistent solutions, to the first order of the two small quantities 1/α sm and B/α s (details are given in Appendix C):
With the quite small first order term neglected, Eqs. (34) indicate that in the very low doping regime, To be more quantitative, we perform numerical calculations of the original Eq.(28) for a broad range of of n, and fit the plasmon frequencies to Eq.(32) and Eq.(34) [see Fig.4 ]. In the very low density regime, log(ω p,⊥ ) and log(ω p,z ) are well fitted by the green dashed lines whose slope is 1/2, indicating ω p,⊥(z) ∼ n 1/2 ; while in the regime log(n) −2, i.e., E F /m 0.1, both log(ω p,⊥ ) and log(ω p,z ) are well fitted by the blue dash-dot lines whose slope is 1/4, indicating ω p,⊥(z) ∼ n 1/4 . In other words, the plasmon frequencies crossovers from the n 1/2 law in the regime of very small doping, for which the interband contribution is important, to the n 1/4 law in the regime of larger doping, for which the intraband contribution dominates.
Finally, we remark that the plasmon frequency is also proportional to n 1/4 in graphene 77 , however, there is a major difference between the plasmon in the graphene and that in the nodal line semimetal. For the graphene, the plasmon is a gapless mode in the long wavelength limit (Its frequency is proportional to n 1/4 q 1/2 ); for the latter, the plasmon is gapped. The difference has a simple origin. Although the Coulomb potential takes the same real-space form of 1/r in both the case of graphene in two dimensions and the case of nodal line semimemetal in three dimensions, it is quite different in the momentum space (q-space): in three dimensions the q-space Coulomb potential is v 3d (q) ∝ q −2 , while in two-dimensions it is v 2d (q) ∝ q −1 . The plasmon frequencies determined by Eq.(6) is thus significantly different in two-dimensions and three-dimensions, in particular, the two-dimensional plasmon is gapless, while the three-dimensional plasmon is gapped.
IV. CONCLUSIONS
In conclusion, we have studied the plasmon modes in the nodal line semimetals. The dependence of plasmon frequency on the electron density generally follows a ω p ∼ n 1/4 law in the regime of modest doping, in contrast to the ordinary electron liquids and the Dirac/Weyl electron liquids. In the regime of very small doping, for which the interband contribution is important, this ω p ∼ n 1/4 law crossovers to a ω p ∼ n 1/2 law. The unique features of plasmons will be useful in identifying topological nodal line semimetals using the plasmonics methods.
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Appendix A: Calculations of the polarizability
The interband contribution ReP ++ (q, ω) can be obtained as follows:
For the simplicity of notation, we have defined
⊥ , and y = x − m. When two subscripts are same, the Einstein summation convention is assumed.
When E F < m, we obtain
where g 1,2,3 are three dimensionless functions with In this appendix we provide the derivation ofω p,z in the low doping regime [Eq. 
A straightforward calculation givesω p,z →ω z,c = 
where β is a constant to be determined. Bringing this form back to Eq.(28), we find
AsB/α s << 1, the second order term can be safely neglected.
We can see that Γ 
Therefore, forB/α s << 1, the self-consistent solution to the first order ofB/α s << 1 is given as 
